Introduction
Extensive practical applications of pretwisted shells such as in turbomachinery blades can be found in mechanical, aerospace, nuclear, and marine industries. These structural elements with low aspect ratio can be idealized as pretwisted conical shells. While in service the composite materials are highly sensitive to various environmental factors like temperature variations, moisture diffusion, exposure to chemicals, radiations, thermal oxidation, etc. The combined effect of two such prominent factors namely temperature and moisture on the vibration characteristics of composite laminates has been considered in the present work. Thermal stresses are developed inside the composites during processing when it is heated to high temperatures and then cooled to room temperature. In addition, the composite laminates are exposed to severe temperature conditions in power plants and nuclear applications. Different composites absorb moisture to a varying degree in humid working conditions like steam turbine blades, submarine propellers and aircraft structures or windmill blades operating in high moisture zones or high rainfall areas. This absorbed moisture results in swelling of the matrix. Both temperature variations and absorbed moisture leads to resultant strains being developed due to mismatch in the thermal and moisture coefficients of the matrix and the fiber comprising the composite laminate. The residual strains may lead to the development of micro-cracks inside the composites resulting in strength degradation. Delamination or interlaminar debonding is one of the most commonly occurred damage mode in laminated composite structures and the failure of a delaminated composite may become much more drastic because of the induced residual internal stresses at high temperature and moisture concentrations. In general, all vibrations of blades are closely related to their natural frequencies. Hence, knowledge of the natural frequencies of turbomachinery blades is very essential for the designers in order to ensure the safety of operation.
The worth mentioning work on pretwisted composite plates was carried out by Qatu and Leissa (1991) to
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This paper presents a finite element method to investigate the hygrothermal effects on the free vibration characteristics of delaminated carbon-epoxy composite pretwisted rotating conical shells. The generalized dynamic equilibrium equation is derived from Lagrange's equation of motion neglecting Coriolis effect for moderate rotational speed. In the present formulation, an eight-noded isoparametric plate bending element is used based on the Mindlin's theory. The multi-point constraint algorithm has been incorporated to ensure the compatibility of deformation and equilibrium of resultant forces and moments at the delamination crack front. Numerical results have been generated to study the combined effects of temperature and moisture concentration on the natural frequencies of delaminated composite conical shells in respect of twist angle, stacking sequence, rotational speed and location of delamination. The mode shapes for a typical laminate configuration in hygrothermal environment is also presented.
Theoretical Formulation
A shallow shell is characterized by its middle surface given by (Leissa, et al., 1984) 
(1) where, R x , R y and R xy denote the radii of curvature in the x and y directions and the radius of twist, respectively.
A thin shallow conical shell model (Liew, et al., 1994) adopted for the analysis is shown in Figures 1(a) -(b) wherein L, b o , α 0 , β 0 , h, θ v and θ 0 , ψ represent length, base width, major radius, minor radius at the conical shell base, thickness, vertex angle, base subtended angle and twist angle, respectively. The dynamic equilibrium equation for moderate rotational speeds is derived employing Lagrange's equation of motion and neglecting the Coriolis effect, and is expressed in global form as (Karmakar and Sinha, 2001 )
where
are global mass, elastic stiffness and geometric stiffness matrices, respectively. {F(Ω 2 )} is the nodal equivalent centrifugal forces and {δ} is the global displacement vector. [K σ ] depends on the initial stress distribution and is obtained by the iterative procedure (Sreenivasamurthy and Ramamurthi, 1981) 
The matrix of angular velocity components contributing towards acceleration vector is given as (Karmakar and Sinha, 2001) , (Sreenivasamurthy and Ramamurti, 1981) (4)
The element centrifugal force vector is given by (Karmakar and Sinha, 2001) , (Sreenivasamurthy and Ramamurti, 1981) 
where {ρ}is the mass density, [N] stands for the shape function matrix and {h x , h y , h z } are the fixed translational offsets expressed with respect to the plate coordinate system. The element geometric stiffness matrix due to rotation is given by (Cook, Malkus and Plesha, 1989) = (6) where the matrix [G] consists of derivatives of shape functions and [M σ ] is the matrix of initial in-plane stress resultants caused by rotation.
The hygrothermal strains (Parhi, et al., 2001) in the k th lamina is given by 
where m=cosθ k and n= sinθ k , θ k being the fiber-orientation angle of the k th laminate, C 0 and T 0 are the reference moisture concentration and temperature (which develop zero hygrothermal strains in a laminate) and have been taken as 0.00% and 300K in the present analyses. C and T are the elevated moisture concentration and temperature respectively.
The on-axis stiffness of the k th lamina is given by 
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The element level in-plane stress and moment resultants F e on the conical shell due to hygrothermal effects is The hygrothermal inplane stress and moment resultants {F e N } is given by
where, {e} k refers to the hygrothermal strains given by Eq. (7).
The element level load vector P e N is given by
The initial deflections δ i due to the hygrothermal loads is obtained by solving the following equation
where, P G N is the assembled global hygrothermal load vector.
The initial stress and moment resultants N e i at the element level due to hygrothermal effects is calculated as
The linear strains (Cook, Malkus and Plesha, 1989) are given by Karmakar and Kishimoto, Mechanical Engineering Journal, Vol.1, No.6 (2014) The non-linear strains (Cook, Malkus and Plesha, 1989) 
Hence, the dynamic equilibrium equations for moderate rotational speeds considering the shell in hygrothermal environment is given by
where, δ and δ are the global displacement and acceleration vectors, K is the linear global stiffness matrix, K σ Rot is the geometric stiffness matrix due to rotation and K σ HT is the geometric stiffness matrix due to the hygrothermal stresses.
The natural frequencies (ω) are determined from the standard eigenvalue problem (Bathe, 1990) which is represented below
and, = 1 2 Figure 2 represents the cross-sectional view of a typical delamination crack tip where nodes of three plate elements meet together to form a common node. The resultant forces and moments at the delamination crack front for elements 1, 2 and 3 are arrived at by mathematically modeling (Gim, 1994 ) the undelaminated region by plate element 1 of thickness h, and the delaminated region by plate elements 2 and 3 whose interface contains the delamination (h 2 and h 3 are the thicknesses of elements 2 and 3 respectively).
Fig. 2: Plate elements at a delamination crack tip
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Validation of Results
The accuracy of the computer codes developed has been verified by comparing the results with those available in the open literature. Table 2(a) compares the non-dimensional fundamental frequencies of graphite-epoxy composite pretwisted shallow conical shells for various twist angles and aspect ratios (Liew, et al., 1994) . Table 2 (b) compares the non-dimensional fundamental frequencies of isotropic rotating cantilever plate at various nondimensional rotational speeds Ω (Sreenivasamurthy & Ramamurti, 1981) . Table 2 (c) compares the non-dimensional frequencies of simply-supported (0/90/90/0) plates (Sai Ram and Sinha, 1992) at T=300K and C=0.1%. The excellent agreement of the present FEM results with those available in existing literature demonstrates the capability of the computer codes developed and ensures the accuracy of the analyses. Bandyopadhyay, Karmakar and Kishimoto, Mechanical Engineering Journal, Vol.1, No.6 (2014) 2   2 2 ), a/b=1, a/t=100, for (0/90/90/0) simply-supported graphite-epoxy laminated plates Fig. 3 : Effect of the location of delamination on the fundamental frequency of composite cantilever beam (Krawczuk, et. al., 1997) The validation of the computer program in respect of delamination model is furnished in Fig. 3 wherein the present FEM results for the span-wise variation of the first natural frequency of the composite cantilever beam with relative position of delamination along span are compared with those of Krawczuk, et. al. (1997) .
Results & Discussions
The fundamental frequencies of four layered [θ/-θ] s carbon-epoxy composite rotating conical shell laminates with 25% mid-plane delamination centered at relative distance of 50% from the fixed end have been plotted for various stacking sequences corresponding to θ=0 Bandyopadhyay, Karmakar and Kishimoto, Mechanical Engineering Journal, Vol.1, No.6 (2014) From Figures 4(a)-(f) above, it is found that the values of the fundamental frequencies of both twisted and untwisted conical shells decreases with increase in both temperature and moisture concentration indicating the effects of the residual thermal and moisture strains developed inside the laminates. Also it is clear from Tables 1(a)-(b) that there is property degradation of the matrix (E 2 values) with increase in both temperature and moisture concentration which also causes reduction in the elastic stiffness of the conical shells over and above the hygrothermal strains thereby leading to drop in the fundamental frequency values. The nature of the frequency curves reveal that the fundamental frequencies of the delaminated conical shells operating under hygrothermal load is largely dependent on the laminate configuration (θ), twist angle (ψ) and rotational speed (Ω) of the laminate while in operation. In general the reduction in fundamental frequencies for all the laminate configurations considered is found to be more prominent due to thermal strains compared to that due to the moisture strains as indicated by the steeper nature of the frequency curves due to increase in temperature compared to flat nature of the curves due to increase in moisture concentration. In all the laminate configurations the reduction in frequency values due to increase in temperature and moisture concentration is mostly found to be maximum in case of (90/-90) s laminates. This is evident from Eq. (7) Bandyopadhyay, Karmakar and Kishimoto, Mechanical Engineering Journal, Vol.1, No.6 (2014) [DOI: 10.1299/mej.2014smm0059] © 2014 The Japan Society of Mechanical Engineers T=300K to 425K, is minimum for θ=60 0 (at ψ=15 0 ) and θ=15 0 (at ψ=30 0 ) and is always maximum at θ=90 0 . It is thus evident that the maximum decrease in the fundamental frequency values due to temperature increment occurs for laminate configurations of (90/-90) s irrespective of twist angle and rotational speeds, thus indicating that higher thermal strains tend to develop in such laminate configurations under thermal loading. Again with increase in the moisture concentration from C=0.0% to 1.5% for untwisted laminates, the overall decrease in the fundamental frequency values is minimum for θ=45 0 and maximum at θ=90 . This emphasizes the fact that unlike in (90/-90) s laminates that develop maximum residual strains with increase in temperature at all twist angles, the maximum internal strains with increase in moisture concentration occurs in (90/-90) s untwisted laminates and (0/-0) s twisted laminates. For laminates under constant hygrothermal loading the fundamental frequencies decrease with increase in the twist angle (ψ) for all fiber orientation angles and rotational speeds. However if the hygrothermal load is increased along with an increase in twist angle at a particular rotational speed, the frequency curves shows higher percentage drop in the fundamental frequency values possibly due to the fact that elastic stiffness decreases with increase in twist angle while the effect of non-linear thermal and moisture strains for the same increment of temperature and moisture concentration is invariant of the twist angle. It may thus be inferred that the reduction in the stiffness of the conical shells under hygrothermal loading becomes more drastic at higher twist angles. At a particular temperature and moisture concentration (i.e. under a constant hygrothermal load) the fundamental frequency values in both untwisted and twisted conical shells is always found to be maximum at θ=0 0 and decreases with increase in the value of θ, until it becomes minimum for θ=90 0 at all rotational speeds.
Again from Figures 4(a)-(f) it is found that for all the stacking sequences (θ/-θ) s considered the fundamental frequencies are found to increase with rotational speed in both untwisted and twisted conical shells at a particular temperature and moisture concentration indicating the influence of centrifugal stiffening. In addition the frequency curves for various rotational speeds are almost parallel to each other at a particular twist angle. This demonstrates the fact that irrespective of the fiber-orientation angle the drop in the fundamental frequency values with increase in temperature and moisture concentration is almost independent of the rotational speed of the laminate at a particular twist angle. For example, in (30/-30) s untwisted laminates, the increase in the fundamental frequency values with increase in rotational speed at low and high temperature levels is 11.90% (T=300K, Ω=0.5) and 12.00% (T=425K, Ω=0.5), 31.67% (T=300K, Ω=1.0) and 31.85% (T=425K, Ω=1.0); while for (30/-30) It is found from Tables 3(a)-(b) that in untwisted laminates at a particular temperature and moisture concentration, the fundamental frequency values when the delamination is located near the fixed end are found to be lower than the corresponding frequency values when the delamination is located towards the free end as corroborated by Krawczuk et. al. (1997) . But for twisted laminates, this trend is found to be reverse excepting for a few cases at higher temperatures i.e. at T=400K, 425K. This trend is found to occur in both stationary and rotating laminates. Bandyopadhyay, Karmakar and Kishimoto, Mechanical Engineering Journal, Vol.1, No.6 (2014) Figures 5(a)-(b) furnish representative results of a comparative study of the fundamental frequencies of delaminated conical shells for various locations (h') of the delamination along the thickness (h) of the laminate when subjected to a constant hygrothermal load at a particular temperature or moisture concentration. In the analysis, the fundamental frequency curves of eight-layered [45/-45] s carbon-epoxy composite conical shells with 25% (a/L=0.25) delamination located at relative distances of 50% from the fixed end (d/L=0.5) along the thickness (h'/h) of the laminate at a temperature of 400K and moisture concentration of 0.50% have been presented. From the curves it may be concluded that under a constant hygrothermal loading the fundamental frequency is always maximum in conical shells with no delamination (h´/h=0.0 and 1.0) and decreases as the delamination moves towards the midplane of the conical shell laminate with the lowest value of the fundamental frequency occurring for mid-plane delamination (i.e. at h'/h=0.50). It may be noted from Figures 5(a)-(b) that the curves of the fundamental frequencies obtained for conical shells containing identical delamination located symmetrically either above or below the midplane (i.e. h'/h=0.50) are identical mirror-images of each other about h´/h=0.50 at a particular temperature and moisture concentration for all twist angles. These findings also corroborate the nature of the variation as depicted by Krawczuk et. al. (1997) . Bandyopadhyay, Karmakar and Kishimoto, Mechanical Engineering Journal, Vol.1, No.6 (2014) [ 
Mode Shapes
The mode shapes corresponding to the fundamental and second natural frequencies have been plotted for fourlayered carbon-epoxy symmetric (0/90) s laminates with 33% mid-plane delamination centered at relative distance of 33% (d/L=0.33) from the fixed end in Table 4 for various combinations of twist angles and rotational speeds for temperature levels of T=300K, 350K and 425K. The fundamental mode corresponds to the spanwise bending mode for all temperatures, while the second mode demonstrates symmetry in nature for untwisted laminates and corresponds to the twisting mode. Bandyopadhyay, Karmakar and Kishimoto, Mechanical Engineering Journal, Vol.1, No.6 (2014) [DOI: 10.1299/mej.2014smm0059] © 2014 The Japan Society of Mechanical Engineers
Conclusions
In general the fundamental frequencies of both untwisted and twisted delaminated conical shells whether stationary or rotating decreases with an increase in the temperature and moisture concentration indicating the effects of non linear internal strains developed inside the laminates. The internal strains developed are in turn found to be largely dependent on the laminate configuration, twist angle, rotational speed and location of the delamination inside the conical shells. For a specific laminate configuration operating under a constant hygrothermal load the fundamental frequency decreases with an increase in the twist angle. There is a higher drop in the fundamental frequencies as the hygrothermal load is increased on the laminate along with an increase in the twist angle. In addition with an increase in the rotational speed of the laminate under a constant hygrothermal load the stiffness of the conical shells increases due to centrifugal stiffening effect. However with increase in the hygrothermal loading Bandyopadhyay, Karmakar and Kishimoto, Mechanical Engineering Journal, Vol.1, No.6 (2014) [DOI: 10.1299/mej.2014smm0059] © 2014 The Japan Society of Mechanical Engineers the percentage reduction in the fundamental frequencies is found to be almost independent of the rotational stiffness developed inside the laminate irrespective of the twist angle. In delaminated conical shell, the fundamental frequency values when the delamination is located near the fixed end are found to be lower than the corresponding frequency values when the delamination is located towards the free end in case of untwisted laminates but for twisted laminates, this trend is found to be reverse excepting for a few cases. At any elevated temperature and moisture concentration, the strength of a delaminated conical shell laminate is found to be minimum if the delamination is present in the mid-plane of the laminate.
The study of mode shapes reveals that the fundamental mode corresponds to the spanwise bending mode for all temperatures, while the second mode demonstrates symmetry in nature for untwisted laminates and corresponds to the twisting mode. The fundamental frequencies obtained in the present analysis are the first known results of the type of analyses carried out here and the results could serve as reference solutions for future investigators.
